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AN EXPLICIT SIMULATION OF OVERLAND FLOW

By Glendon T. Stevens, Jr. 1 A.M. ASCE

KEY WORDS: hydrograph; mathematical model; finite difference; explicit ; . convergence; hydraulics; overland
flow; boundary conditions; computer

ABSTRACT: Computer simulation of overland flow requires
a mathematical model which converges to a true solution.
This paper presents a method, based on measurable physical parameters, which insures convergence of a fixed
grid explicit numerical solution. Analysis of a wide
range of overland flow plane parameters has resulted in
an equation of the form ~t = 0.2 ~XIS 0 , for the time
step increment. This equation provides values for ~t
that will insure stability and convergence of the fixed
grid explicit numerical method of solving the spatially
varied unsteady flow equations. The effect of subarea
shape on the rising limb of the overland flow hydrograph
The
is presented for three different configurations.
relative influence of boundary conditions and equation
simplifications is discussed. This paper presents an
explicit, computer solved, mathematical model that is
capable of reproducing the overland flow hydrograph.

1 Instructor, Civil Engineering Department, University of
Missourir Rolla, Roll&, Missouri, 65401
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INTRODUCTION
An accurat e descrip tion of the time distribu tion of

surface runoff is require d for many enginee ring designs .
This design informa tion is portray ed graphic ally as a continuous plot of the instanta neous flow rate with time and
is referre d to as a dischar ge hydrogr aph.

Current proce-

dures to synthet ically derive this discharg e hydrogr aph
range from modific ations of the simple Rationa l Formula
to the rather detaile d Stanfor d Model.
Runoff from a watersh ed due to storm rainfal l is affected by the physiog raphic charact eristics of the area as
well as the hydrom eterolog ic charact eristics of the rainfall.

Commen ting on attempt s to estimat e the hydrogr aph,

Horton (13) states "that success in this area is depende nt
on a rationa l underst anding of the process es involve d in
surface runoff, the factors or variabl es that control
these process es, and the relation ship between them".
Estimat ing the perform ance of a system as complic ated
as a watersh ed has resulte d in numerou s propose d methods .

A compreh ensive review of the various propose d methods to
analyse the watersh ed as a system has been underta ken by
Amoroch o and Hart (3) and Ligget and Woolhis er (16).

The

diversi ty of these techniq ues are not as great as first

appears .
'--"•

Each

wo~k

fa1ls into one of two general categor -

In one -the kinem.t ics of flow alone are conside red,

2.

while the dynam ic relati onshi ps are ignor ed.

In the

other categ ory, b?th the kinem atics and dynam ics of 'the
flow are taken into consi derat ion. The latte r categ ory
is the one of inter est in this paper and is gener ally
refer red to as hydra ulic routin g.
The theor y of spati ally varied unstea dy flow, i.e.,
hydra ulic routin g, has been applie d to proble ms in flood
routin g (2, 7, 14, 22, 10), surfac e irriga tion (12) and
more recen tly, to descr ibe overla nd flow (15, 18, 5, 11,
6, 20).

This techn ique is based upon the princ iples of

conse rvatio n of mass and Newto n's secon d law of motio n.
The basic diffe renti al equat ions, as record ed by many
write rs (25, 4), were develo ped from these princ iples by
de Saint- Venan t in 1871. A soluti on of these equat ions
has taken eithe r one of two possi ble avenu es of appro ach.
One metho d has been to simpl ify the equat ions by assum ing
certa in terms eithe r negli gible or nonex istent .

Thus the

equat ions are reduc ed to a form that can be handl ed
analy ticall y.
More recen t metho ds appro ach the solut ion of the complete equat ions of momen tum and conti nuity by nume rical
techn iques .

The basic nume rical appro ach to the solut ion

of this set of equat ions may be accom plishe d by eithe r of
1) The metho d of chara cteris two accep ted techn iques :
tics; or 2)

the metho d of fixed grid interv als emplo ying

eithe r the i:mpl icit or the expli cit techn ique.

3.

The method of characteristics provides values of the
velocity and depth along the characteristic lines.

Thus

both the time and space interval change in magnitude as
the solution proceeds downslope.

However, if it becomes

necessary to predict or determine the velocity and depth
at a given time and location in space, the method can
rapidly become unmanageable.

Nevertheless, the method

can be used if one employes an interpolation technique to
find the values of velocity and depth at the desired time
and location.

Interpolation, using the simplest of tech-

niques, is time consuming, to say nothing of the loss of
accuracy.

For a complete discussion on the use of the

characteristic method for the solution to this type of
problem, the reader is referred to (16, 14, 8, 17).
The method of fixed grid intervals differs from the
method of characteristics in that it will predict or determine the velocity and depth at equally spaced points
in space.

The two approaches used in applying this method,

a) implicit and b) explicit, differ only in their approach
to the solution.

In the implicit method, as described by

(2), the solution proceeds by solving, at a row, a set of
simultaneous equations that describe the flow.

The term

explicit, as described by (16), refers to a solution that
advances point by point from one time line to the next.
The difficulty with the explicit methods is one of obtai~i~i

a 1table solution under varying conditions.

4.

Present stability criteria are not sufficient to insure
stability of the explicit technique.

The need to develop

a better understandin g of this basic problem is apparent
to the researchers responsible for developing large watershed simulation models (21).

The basic component of a

large simulation model is the overland flow hydrograph
which occurs as an input into the larger main channels.
Behavior of an entire simulation model can be altered by
underestima ting or overestimati ng the overland flow hydroThis overland hydrograph can be described by the

graph.

spatially varied unsteady flow equations and thus is amenable to solution by numerical techniques (20).
Since a mathematica l model based upon the continuity and
m0mentum equations will allow the determinatio n of the
quantitative effects of simplificati on in either the equations or the boundary and initial conditions for which they
are solved, the purpose of this paper is as follows:
1.

To develop a relationship for the temporal increment, 6t, that will insure convergence and stability of the explicit solution.

2.

To determine the quantitative effect of various
simplificati ons used in the explicit solution
of the equations of spatially varied unsteady
flow.

3.

To study the effect of various assumed boundary
and initial conditions on the explicit solution
to the spatially varied unsteady flow equations.

4 . . To study the effect of subarea shape on the temporal dist~ibution of runoff of overland flow.

5.

5.

To develop criteria for an explicit numerical
solution of a mathematica l model that would
allow simulation of the overland flow hydro. graph for small watersheds.

DEVELOPMENT OF THE BASIC MATHEMATICAL MODEL
The direct runoff from an overland flow plane is ef-.
fected by the internal processes occuring within the
boundaries of this plane.

These internal processes are

very complex and for most situations are nonlinear.

The

temporal distribution of the rainfall excess, i.e., the
discharge hydrograph, is a result of the action of a distributed dynamic system (11).

The behavior of this system

can be expressed by a pair of hyperbolic partial differential equations known as the spatially varied unsteady
flow equations.

These equations can be developed from the

basic concept of conservation of mass and the momentum
principle given by Newton's second law of motion.

The

equation of continuity will account for the conservation
of mass, and Newton's second law of motion will describe
the dynamic behavior of the system.

The validity of these

two equations in describing overland flow has been established by many investigator s (15, 19, 5, 20).
Con~~nu~~y

on

Flow.

The equation of continuity sim-

ply states that the inflow minus the outflow is equal to
the change in storage within the system.
re~ate

this to the overland flow

' ~-~ •• .~~~-n 1n :fisuPe ·l .

p~ane,

In order to
consider an ele-

6.

FIGURE 1.

TYPICAL ELEMENT FOR DERIVATION OF
THE CONTINUITY EQUATION

7.

aAiat

Q----t-~

y

8.

Ft:'om continuit y
Q(in)- Q(out)

= Q(stot:'ed) . • . . . • . . . . . . . . . . . . . . . . • (1)

Ft:'om figut:'e 1
• )
Q(.1.n

-- Q + l..• kA s ••••••••• •.••••••• ••••••••• •••.•• ( 2 )

Q(out) = Q + (aQ/aX)ilX • . . . . . . . . . . . . . . . . • • . . . . . . • • (3)
Q(stot:'ed)

=

CaA/at)ilX . . . . . . . . . . . . • . • . • . . . . . . . • . . • (4)

Substitut ion of equations 2, 3, and 4 into equation 1 and
simplifyi ng t:'esults in the genet:'al continuit y equation for
an at:'bitt:'at:'y width of ovet:'land flow plane.
ikAs = (oQ/aX)ilX + (aA/ot)ilX •.....•.. .•...•... ..• (5)
whet:'e the conversio n facto!:' k transfot:'m s the rainfall
excess intensity in inches pet:' hout:' to feet per second,
A

s

= BilX,

is the sut:'face at:'ea of the element and A

is the ct:'oss sectional at:'ea of flow.
Q

= AV,

= BY

Remembet:' ing that

the pat:'tial det:'ivativ e of Q with t:'espect to X be-

comes a:CAv)laX which is equal to A(aV/aX) + V(aA/oX).

The

vat:'iables B, Y, and V at:'e functions of both X and t; thus,
aA/aX equals a(BY)/aX which t:'esults in B(oY/aX) + Y(oB/oX)
and the aA/at becomes a(BY)/at which equals B(aY/ot) +
Y(aB/at).

Substitut ion of these relations hips into equa-

tion 5 and simplifyi ng produces
ikB

= BY(&V/aX)

+ V(B(aY/aX ) + Y(aB/aX)) +

B(oY/&t) + Y(aB/at) ••••••••• ••••••••• •••••• ( 6)

9.

This is the general form of the continuity equation and
will be used in developing the proposed mathematical
Equation 6 reduces to the form shown by Morgali

model.

(20) and Harbaugh (ll), for a unit width.
Newton's second
law of motion states that the sum of all external forces
acting on a body must be equal to the change of momentum
of the body with respect to time.

The derivation of the

momentum equation is based on the following assumptions:
l.

The fluid is incompressible.

2.

The conditions of flow are such that only hydrostatic pressure exists.

3.

The momentum correction factor is equal to unity.

4.

The kinetic energy correction factor is one.

5.

The overland flow plane slope is small; therefore, sin ~is equal to tangent ~, i.e. tan ~ =

s0 .

6.

V is the average velocity across the section.

7.

Momentum of the rainfall has been neglected.

8.

The slope of the energy grade line can be approximated by the Chezy-Manning relationship for
steady flow.

Newton's second law of motion can be expressed as
I(Forces)

= D(MV)/Dt •...•......•.••... .•.••.•••.. (7)

Summing the external forces shown in figure 2, results in

10.

FIGURE 2.

TYPICAL ELEMENT FOR DERIVATION OF
THE MOMENTUM EQUATION

:L:L.

12.

!:(F orce s)

=

yAAX(S 0

-

Sf) -

yAX (Y(B (oY/ oX) +

Y(oB /oX) ) + BY( aY/a X)) ••.• .•.• .•.• ••• (8)
exp ress ed as
The rate of chan ge of mom entum can be
add itio n of mas s
M(D V/D t) + V(D M/D t) whe re DM/Dt is the
rain fall . For the
with time resu ltin g from th~ inco min g
dist ribu tion of
case of a con stan t inte nsit y and spa tial
emb erin g tha t V is a
rain fall , DM/Dt redu ces to pikA s . Rem
ivat ive is bV/D t =
fun ctio n of both X and t, the tot~l der
the exte rna l forc es
V(oV /oX) + av/ at. Equ atin g the sum of
in
to the rate of chan ge in mom entu m res ults
Ag(S 0

-

Sf) = g(BY (()Y /oX) + YY( aB/o X) +
BY( aY/a X)) + A(V (oV/ aX) + oV/ ot) +
. (9)
V ( ikB) . . . . . . . . . . . . . . . . . . . . . . . . . . . .

is rect ang ular ;
The cro ss sec tion al area of ove rlan d flow
utio n of thes e
the refo re, A = BY and Y = Y/2 . Sub stit
rela tion shi ps'i nto equ atio n 9 prod uces
gB(S 0

-

Sf)

= g(B( aY/a X)

+ (Y/2 )(oB /oX )) +

B(V (oV/ aX) + av/a t) + (V/Y )(ik B) ... (lO)
in dev elop ing
whi ch is the mom entu m equ atio n to be used
atio n 10 redu ces to
the prop osed mat hem atic al mod el. Equ
Harb augh (11) for
the equ atio n used by Mor gali (20) and
a uni t wid th sec tion .

13.

NUMERICAL SOLUTION OF THE MATHEMATICAL MODEL
Equations 6 and 10 form a pair of quasi-linear hyperbolic partial differential equations (14, 18, 22).

For

the overland flow plane, the solution to this set of equations can be described as an initial value problem (see
The solution of this system of equations may

figure 3).

be accomplished by numerous numerical techniques.

The

explicit technique of the method of fixed grid intervals
will be the approach used in this paper.

Crandall (9)

describes this type of solution as "marching out a solution on an open boundary which is bounded by known conditions".

The explicit numerical technique is applicable

to overland flow, since both the initial and the boundary
conditions are known.
For the overland flow plane situation, i.e., a rectangular cross sectional area, equations 6 and 10 reduce
respectively to equations 11 and 12.
(continuity)
ik

= Y(SV/SX)

+ V((SY/SX) + (Y/B)(SB/SX)) +

aY/at . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (ll)

(momentum)
. g(S 0

-

Sf)

=. g((3Yf3X) + (Y/2B)(3B/SX)) +
V(8V/8X) + (3V/3t) + (V/Y)_ik •••••••• (12)

14.

FIGURE 3.

DESC RIPT ION OF INIT IAL VALUE PROBLEM

15.
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Equations 11 and 12 are used to describe either the subcritical or the supercritical overland flow regime.
The partial derivatives in
equations 11 and 12 can be expressed by using a finite
A portion

difference scheme known as central differences.

of the x-t plane showing the grid system for this technique
is found in figure 4.

Substituting the central differences

shown in figure 4 into equation 11 and rearranging produces

= YM

Yp

+ ~t(YM((VL - VR)/2~X) + VM((YL

/2~X)

+ ((VMYM)/BM)((BL- BR)/2~X) + ik) ..•. (l3)

If the velocity and depth are known at time t

0

+

~t.

0

the

Ls Yp, the depth of flow at

only unknown in equation 13
time t

YR)

Solution of equation 13 for all known

values of V and Y at time t
at the new time t

0

+ ~t.

0

will produce values of Yp

Thus by knowing the initial

values of V and Y, the solution may be marched forward

~t

in time.
Substitution of the central differences noted in figure
4 into equation 12 results in

.

g(S 0 - Sf) = g( ( (YR - YL)/2~X) + (YM/2BM)
( (B

R

- BL)/ 2~X)) + VM( ( (VR - VL)

17.

FIGURE 4-.

CENTRAL DIFFERENCE FINITE DIFFERENCE NETWORK

18.
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X

aV/oX)M

= (VR

VL)/26X

av/at>p

aY/oX)M
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YL)/26X

oY/ot)p

BL)/26X

aB/at)p

aB/oX)M

= <vp
= (Yp
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vM)/6t
YM)/6t
BM)/6t

1.9.

All values in equation 14 are known at time t 0 except Sf;
and at time t

0

+

~t,

the only unknown is VP' since Yp has

been obtained in equation 13.

At this stage in the solu-

tion of the equations it becomes necessary to evaluate
the friction slope term, Sf.

This term is one of the more

important terms in the dynamic equation.

The

m~gnitude

of

this term is usually larger than any of the other terms
except S0

;

therefore, the method of evaluating Sf would be

expected to have a large effect on the solution of the
mathematical model.
Although the Chezy-Manning equation was developed for
steady uniform flow, it has been shown to give reasonable
results for unsteady nonuniform flow if the unsteady
changes are gradual (16, 22, 11, 4, 14).

The Chezy-

Manning equation may be expressed as

= V 2 N 2 /2.2082

R 4/3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15)

where N, the roughest coe·fficient, is to be assumed constant.

For the overland flow plane B>>Y, therefore, as

shown by Chow (7), R:Y which reduces equation 15 to
y 4/3 . . • . . . . . . . . . . . . . . . . . . . . . . . . . (16)

If Sf is evaluated at time

=t0

+

~t,

at station P, as

sev.eral'WI'fte.rs have indicated, (18, 22, 11, 5) then equa-

t1bn t'8; ~Jt;ja~j
1

20.

yp

413

.

••.•••••••••••••••••••••• (17)

Substituting equation 17 into equation.l4 and rearranging produces an .equation that is quadratic in VP.
Solving this equation by completing the square produces

= - C + :( C 2 +

Vp

C1 .( gS 0

+ VM( ( 1 I

At~)

+ ( V L - V R)

/2AX.) + g.(((YL- YR)I2AX) + (YMI2~)(BL- BR) ·

.I 2 A:X.) ) )~I 2 •••••••••••••••••••••••••••••••••• ( 18 )
where
C

=

Cl

(2.2082 Yp 413 )(Y p + Atik)l2gN 2at Yp

= 2.2082

Yp 413 1gN 2

If the values for velocity and depth are known at time

=t0 ,

the only unknown in equation 18 is VP' the velocity

at time t

0

+ At, since the value for Yp has been obtained

by the solution of equation 13.

Thus, if equation 13 is

solved first for YP, equation 18 can readily be solved
for VP.

This allows the complete solution for V and Y to

march forward an increment of time, At, for a particular
station.

The solution of equations 13 and 18 are under-

taken for each succeeding station down ·the overland flow
plane at time t

0

+ At.

For the next time increment, at

this station, the values of Vp and Yp at time t
'·.

..

~ \:-~.

0

+ At

21.

at the respective station.

The solution'is thus "marched

out" to time'to + nllt thro~gh the successive application
of equations 13 and 18.
Examination of the literature reveals that equation 13 differs somewhat from that
presented by Harbaugh, Morgali, and others (11, 20, 24).
The difference is a result of the averaging assumption
used to evaluate YM and VM.

Their technique used the

relationship
VM

=

YM

= (YL

(VL + VR)/2
+ YR)/2

Substituting these relationship s into equation 13 results
in
Yp

= YM

+ llt(((VL YL - VR YR)/2llX) + (VM YM/~)

('BL- BR)/2llX) + ik) •.•.•.•.•.•. •..••••.•.. (l9)
Other modification s of the equations 'can be obtained by
evaluating Sf at the station M rather than P.

This ap-

proach results in a momentum equation of the form
Vp

=

((6tYP)/(Yp + 6tik))(gS 0

-

((VM 2 N2 g)/

2.2082 YM 413 ) + g(((YL- YR)/2tiX) + (YM/2BM)
((,aL·- BR)/2llX)) + VM((l/At) + ((VL- ~R)
2AX ) ) ) • • • • • • • .• • • • • • • • • • • • • • • • • • • • • • • • • • . • • • . ( 2 0 )

22.

At a. give n time all velo citie s
netw ork to
and dept hs of flow must he. know n alo!l g the
ial valu es mus t
star t the num eric al solu tion , i.e. , the init
For the init iall y dry con-

be. give n Gr read ily calc ulat ed.

flow , all
diti on, whic h is the usua l case for over land
time t 0 , (the
velo citi es and dept hs are equa l to zero at
time rain fall beg ins) .

How ever , if the over land flow

dete rmin e the
plan e is not dry, it beco mes nece ssar y to
at time t 0 bevelo city and dept h of flow at all stat ions
The over land flow plan e is

fore the solu tion can proc eed.
assu med to be dry at the

b~ginning

test s repo rted in this pape r.

of rain fall for all

The refo re, the init ial val-

is zero .
ues of the velo city and dept h at all stat ions
Up~z~eam

Bounda~y Condition~.

The flow at the be-

med to be zero .
ginn ing of the over land flow plan e is assu
r as rain fall
The r'efo re, all wate r on the plan e will ente
end, will be
and the velo city at stat ion 1, the upst ream
The dept h of flow
zero and will rema in such for all time .
g to whe ther the
at stat ion 1, how ever , will vary acco rdin
sepa rate trea tflow is sup ercr itic al or sub crit ical . Four
will be show n to
men ts of the upst ream boun dary cond ition
s used in
dem onst rate the vari ety of boun dary cond ition
solv 'ing the exp lici- t num erica l

.1.

solution~

rema in
UPl. The dept h of flow at stat ion 1 will y if the
appl
ld
wou
n
ditio
This con
'Zei'·~ 'feZ' all time .
itic al.
fl.ow ~~s!R\e is foun d ar assu med to be sup ercr
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UP2.
The flow profile is assumed to be such that
the depths at stations 1 and 2 are equal. This condition would be applicable if the flow in section 1-2 was
uniform.
The flow regime is assumed such that the
UP3.
backwater effect can be accounted for by the continuity
equation. The grid system used in this technique is
shown in figure 5. Substituting the finite differences shown in figure 5 into equation 11 and rearranging, remembering that VM = 0.0, gives
Yp = YM + b.t(ik- YMVR/b.X) ••.•.•••.•.••.•••••.•. (21)
The depth at station 1 will be allowed to
UP4.
change as the storage in section 1-2 changes. The
storage relationship can be developed from the continuity equation which states that the change in storage between stations 1 and 2, over a given time interval· is equal to the average flow into the section minus
the average flow out of the section. Expressed in
equation form
Storage = b.t((I 1 + I 2 )/2 - (0 1 +
@ t + b.t
Making the proper

o2 )/2)

+ Storage
@

t

substitutions for inflow, I, outflow,

0, and storage in this equation and solving for YP (1),
the depth at station 1 at time
YP(l)

= Y(l)

=t0

+ b.t gives

+ Y(2) - YP(2) + b.t (RAl + RA2 -

( B( 2) ( Y( 2) V( 2) + YP ( 2) VP ( 2) ) I AS) ) .••.• ( 2 2)
where AS

= b.X(B(l)

+ B(2))/2, RAl and RA2 equals ik or

the rainfall at t~me t

0

and time t

0

+ b.t, respectively.

This relationship would only apply if the flow regime is
subcritical.
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FIGURE 5.

BACKWARD DIFFERENCE FINIT E
DIFFERENCE NETWORK
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Vown4~eam

BoundaAy

Cond~z~on4.

The downstream

boundary conditions encountered in overland flow de.pend
upon the flow regime along the flow plane and the outlet
conditions~

The state of flow at the boundary can be con-

sidered to be critical or noncritical.
tion would exist if the

~oundary

A critical condi-

was located at a point

where critical flow existed or where a free overfall situation occurred and the flow upstream was subcritical.

The

possibility of maintaining critical flow all along the
plane is rather remere; therefore, consideration of this
state of flow will not be undertaken.

A noncritical con-

dition would exist if the boundary is located at a point
where the flow is noncritical or where the flow does not
pass through critical depth.

Four separate treatments of

the downstream boundary condition will be investigated to
demonstrate the variety of downstream boundary methods
used in solving the explicit numerical solution.
DNl. The depth and velocity at the downstream
station M are assumed equal to the depth and velocity
at station M-1. This condition would be true only if
the flow between stations M and M-1 was uniform.
The plane is assumed to be extended to a
DN2.
fictitious station (M+l) and the depth and velocity at
station M+l is assumed equal to those at station M.
This technique could be used for all noncritical boundary condition. An advantage of this over other techniques is that the depth and velocity at all stations
along the plane can be calculated by central differences.
The depth and velocity at station M is
DN3.
calculated using the continuity and momentum equations.

27.
The forward differenc e scheme used to determine the finite differenc es for this downstream boundary condition
is shown in figure 6. Substitut ing the finite differences shown in figure 6 into equation 11 and solving
for Yp results in
Yp

= YM

+

~t(ik

+ YM((VL - VM)/~X) + VM(((YL - YM)

(YM/BM)( (BL-

/~X)+

BM)/~X)))

.•..•.•.. •.•. (23)

Similar·ly , substitut ing these forward differenc es into
equation 12 and evaluatin g Sf by equation 17
Vp

=

-C + CC 2 + Cl(gS 0 + VM((l/~t) + ((VL- VM)
/~X))

+ g(((YL-

/8X))))

1/2

YM)/~X)

+ (YM/2BM) ((BL- BM)

••••••••• ••••••••• ••••••••• •••••• (24)

where C and Cl are as shown on page 20.
This condition , as well as condition 2, is applicabl e
for all noncritic al states of flow.
The flow is assumed to be such that the
DN4.
M is critical. This depth can then be
station
at
depth
equation of the form Yc = CQ 2 /B 2 g) 1/ 2
an
from
d
determine
where Q is the flowrate at station M. Th~s flow can be
obtained from the known flow at station M-1 and the
added flow, due to rainfall, between station M-1 and M.
With the depth at station M known, th~ velocity can be
found from the relations hip V = Cgy) 1 1 2 • This condition would apply in the free overfall situation , provided the flow upstream is subcritic al.
STABILITY AND CONVERGENCE
Not all numerical schemes used to approxima te differential equations converge as

~t

and

~X

approach zero.

Stability is a property that guarantee s convergen ce to a
solution wh•n employins a differenc e scheme.

In general
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FIGURE 6.

FORWARD DIFFERENCE FINI TE
DIFFERENCE NETWORK
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stability deals with the boundedness of the solution of
the difference equation.

In an unstable scheme, small

disturbances grow without bound and soon mask the desired
solution.

The criteria used to define acceptable stabil-

ity and convergence for the mathematical model of overland
flow is defined as one in which the rising limb of the
overland hydrograph converges uniformly to equilibrium
flow.
Stoker (23), Liggett (16), and others state that they
encountered no stability problems with the method of characteristics.

Amein (2), Brutsaert (4), and Liggett (16)

report similar experiences with the implicit technique
used with the method of fixed grid intervals.

However,

Wylie (24) states that convergence problems are encountered if extreme values are utilized when selecting ~t
and

~X

increments.

Harbaugh (11), Morgali (20, 19), Keulegan (15), and
other investigators have recognized the Courant condition
AX/At < V ± (gY) 112 as a necessary but not a sufficient
condition to insure the stability of the explicit technique used in the method of fixed grid intervals.

Per-

Kins (21) states that the explicit fixed grid scheme was
found sufficiently stable and convergent for unsteady
flow computations if (V + (gY) 112 ><At/AX)
/(2.21 y 4 13))At was satisfied.

~

1- ((gN 2 v>

Harbaugh found that to

insure stability a.nd convergence for the conditions of

3J..

~X

his research that a
necessary.
where

~t.

J.

= 1.0

This indicates a

ft. and a
~X

= L/40

~t

= 0.1

and a

~t

sec. were

= ~t./10
J.

is the value obtained from the Courant condi-

tion when applied at equilibrium flow.
Once

~X

is chosen, the

~t

increment must be limited in

such a way that station P (see figure 4) falls within the
region bounded by the forward characteristic eminating from
station L and the backward characteristic eminating from
station R (16, 14, 18).

The convergence and stability of

the explicit technique depends upon the magnitude of this
temporal and spatial increment.

At present most methods

used to determine the proper magnitude of the temporal
increment,

~t,

are based upon some modification of the
The drawback to the present approaches

Courant condition.

stems from having to predict the velocity and depth of
flow prior to determining

~t

and

~X.

From the practical standpoint of trying to simulate
natural conditions, there should be a relationship between these temporal and spatial increments and the physical parameters of the overland flow plane.

Since the

mathematical model will allow the study of the effects of
varying various physical parameters, the following relationship is postulated:
~t

= f(~X,

S0

,

L, N,) •••••••••••••••••• ••••••••• (25)

This relationship can further be assumed to follow a
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mathematica l model of the form
b. t

= Cb.Xw S 0 X

Ly ·NZ ••••..• , •••••.•••.•. .••••.••.• ( 2 6)

TESTING OF THE MATHEMATICAL MODEL
The mathematica l model tested was the explicit solution
of equations 13 and 18 with zero initial flow and boundary
conditions DN2 and UPl.

The length of the overland flow

plane L varied from 10.0 through 200.0 ft., width B ranged
from 1.0 through 100.0 ft., rainfall intensity i increased
from 2.16 through 12.96 in. per hr., the slope S 0 varied
from 1 to 5%, and Manning's n varied from .01 through

.as.

Each of these variables caused a distinct change in the
rising portion of the hydrograph.

For example, as L in-

creased, time to equilibrium increased; thus the rising
limb flattened.

This is understandab le because as L in-

creases, so does the time of concentratio n.
Once a stable solution was obtained for a particular
value of b.t and AX, ranges of L and n within the limits
previously defined did not effect stability or convergence.
However, changing S
become unstable.

0

from 1% to 5% caused the solution to

This is understandab le since Wylie (24)

states that stability of the explicit fixed grid solution
is dependent on frictional losses.

Increasing S would
0

thus cause increased frictional losses which would reduce
the allowable At increment.

Figure 7 shows that as 8 0
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FIGURE 7.

STABILITY LIMITS FOR EXPLICIT
MATHEMATICAL MODEL
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increases, the limiting ratio of

~X/at

increases.

Stated

another way, as S 0 increases, at decreases for a constant
·Applying a linear regression technique to these data

~X.

shown in figure 7 produced equation 27.

~t· = 0.36 X0.48 So-0.58 LoNo •..•.•••.••. •••.••.• (27)
where

~t

is in seconds,

~X

and N is Manning's "n".
8t

=

0•2

X Is 0

in feet, S

0

in %, L in feet,

This equation may be simplified to

•••••••••••••••••••••••••••••••••• (

28)

Use of the simplified equation will result in a slightly
reduced value for

~t;

however, the additional computer time

necessary with the shorter at is insignifican t for the
range of variables tested.
Bound~y

Cond~z~on~.

To test quantitative ly the var-

ious boundary conditions DNl through DN4 and UPl through
UP4, the following set of hypothetica l data was employed:
aX= 2.5 ft., at= 0.5 sec., B = 50 ft., L = 100.0 ft.,
N = 0.01, S 0 = 1.0% and i

= 6.0 in/hr.

for this set of data is 0.694 cfs.

Equilibrium flow

The results of these

tests are shown in table l.as models 1 through 7.
models each vary from the

original~y

These

selected mathematica l

model by the boundary condition indicated.

For example in

model 2 the upstream boundary condition UPl is replaced by

UP2.

From table 1 it is seen that the original mathematica l
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TABLE 1.

MODEL
NUMBER

MODEL
COMPONENTS

RESULTS OF MODELS TESTED

PERCENT
SURGE

MODEL
EQUILIBRIUM
DISCHARGE

PERCENT DEPARTURE FROM
EQUILIBRIUM

1

Eqs 13 and 18
DN2, UP1

1.7

0.694

0.0

2

Eqs 13 and 18
DN2, UP2

2.9

0.704

+1.4

3

Eqs 13 and 18
DN2, UP3

2.7

0. 703

+1.3

4

Eqs 13 and 18
DN2, UP4

2.5

0.701

+1.0

5

Eqs 13 and 18 Did not
reach
DNl, UP1
Equilibrium

0.677

-2.5

6

Eqs 13 and 18
DN3, UPl

0.6

0.685

-1.3

7

Eqs 13 and 18
DN4, UPl

3.7

Unstable

8 ·'

Eqs 19 and 18
DN2, UPl

3.2

0.703

9

Eqs 13 and 20
DN2, UP1

Solution very unstable

+1.3
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was the only one to converge to equilibrium flow.

Model

5 shows that the assumption of uniform flow between
stations M-1 and M is not applicable, since this mathematical model did not reach equilibrium flow.

Model 6

shows the error associated with the difference scheme
used for this downstream boundary.
order of magnitude h where h

=

This error is of the

~X/L.

Models 8 and 9 in

table 1 were formulated using the simplified equations
19 and 20.

Model 8 as shown in table 1 did not converge

to equilibrium flow since the assumed linear variations
in Y and V as shown in equation 19 will not hold for
spatially varied unsteady flow.
A close examination of table 1 would show that combin~ng

models 6 and 8 in the form of equations 19 and 18 with

UPl and DN3 should converge to equilibrium flow.

This

combination was used by Harbaugh (11) and Morgali (18)
and found to converge to equilibrium flow for a similar
range of variables employed in this sutdy; although models
6 and 8 individually produce either an underestimation or
overestimation of equilibrium flow by 1.3%.
The use of model 9 produces a very unstable solution for
an initially dry overland flow plane.

When used in an over-

land flow plane with a significant amount of existing flow,
the equation will become stable.

This is apparent by noting
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that in equation 20, the initial value of YM for a dry overland flow plane equals zero, and division by YM· gives an
answer of infinity for certain terms in the finite difference form of the momentum equation.
Testing of the mathematical model revealed that the time to equilibrium was influenced by

~X

and

~t.

Tables 2 and 3 show a portion of the

The conditions of flow used are:

results.

B =50 ft.; S0 = 1%, N = .01; and i

L =100ft.,

= 6.0 in/hr.

These

conditions produce an equilibrium flow of 0.694 cfs with
a velocity of 0.9004 fps and a depth of 0.0154 ft.
Courant

~quation

~t

The

for these conditions gives:

5 sec.
< ~
1. 6 -< 1 .

The Perkins equation gives:

~t

<

0.00862

~X

2~9-"':'"~'"'x
..
""'o-.-o. 1..;3;..,;8,...:::...:;+~o;.:.::..,o,..,o,...:

< 1 • 0 2 sec .

The results of the convergence criteria developed in
equation 28 results in
: < ·. 0 • 5
ttt < 0 • 2 AX/.S 0.·-·

As noted in table 2, the solution is unstable for ~t = 1.0
sec.

Therefore, neither the Courant nor the Perkins

criteria is satisfactory for this particular choice of

pily&to.a. pal'U1et..rs of the overland flow plane.
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TABLE 2.

EFFECT OF VARYING

~t

WITH

~X

=

L/40

Xt

Time to
Equilibrium
Second

Percent
Surge

0.1

25

117

0.4

0.2

12.5

115

0.6

113

2.1

~t

~X

Second

0.5

5

1.0

2.5

Unstable

Unstable

.EFFECT OF VARYING ~t WITH ~X = L/10

TABLE 3.

~t

~X

Second

~t

Time to
Equilibrium
Second

Percent
Surge

0.1

100

126

1.1

0.2

50

125

1.2

o.s

20

123

1.4

2.0

5

117

3.4

5.0

2

112

Unstable

... a.
A variation of
in table 3.

~X

in the mathematical model is shown

The Courant equation results in a

sec., the Perkins criteria produces a
~t ~

equation 28 results in a

~t ~

2.0 seconds.

~t <

6.25

2.02 sec., and
Table 3 shows

the solution is stable for the Perkins criteria and equation 28 but unstable for the Courant condition.
2 and 3 show, as did

Mo~gali

stant and increasing

~t

(18), that holding

~t

~X

con-

will decrease the time to equi-

librium flow and increase the surge.
that holding

Tables

It should be noted

constant and increasing

the time to equilibrium flow.

~X

will increase

The surge increases but

not as rapidly as before.
Su.ba.Jte.a. Sha.pe..

At present most methods used do not

permit one to consider the shape of the subareas into
which a simulation model of the watershed may be divided.
Most attempts are made by assuming unit width strips,
thus only a rectangular subarea exists.

To study the

effect that the shape of a subarea has on the overland
flow hydrograph, the shapes shown in figure 8 have been
considered.

The explicit mathematical model is capable

of solving these and other configurations because it permits B to vary in space as well as time.

For the overland

flow simulation, the cross sectional area of flow is assumed to be rectangular; therefore, the change in B with
time is zero.
re~ationship

Thus, it is necessary only to find the
B

= f(x).

This relationship, for the areas
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FIGURE 8.

SUBAREA SHAPES
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shown in figure 8, is B.

~

=B

ax '

± 2 (BM) (i - 1)

where

B is the initial width and i represents the stations
along the plane spaced

ax

feet apart.

BM is shown on the

figure as a measure of the slope of the trapezoidal
shaped area.
The results of tests performed on the shapes indicated
in figure 8 are shown in figure 9.

Each shape had an

area equal to 5000 sq. ft. and a length of 100 ft.
slope for the trapezoidal shapes equal to 1:4,

The

These

results show: ·that the inverted trapezoidal shaped area
will produce the higher initial flowrate.

This phenomena

can be explained by realizing that the initial area contributing to flow is larger for this shape.

The trape-

zoidal shape demonstrates a larger change of flow with
time as time approaches the time to equilibrium.

This

is a result of the larger amount of available detention
storage on the upper portions of the subarea as the time
to equilibrium is approached.

The order in which the

various shapes reached equilibrium flow is first, trapezoidal; second, rectangular; and third, inverted trapezoidal.

SUMMARY AND CONCLUSIONS
The flow conditions used in this study were such that
after approximatel y ·20 seconds the entire flow became
sup•rcritica l.

If the flrow regime is such that
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FIGURE 9.

RESULTS OF TESTS PERFORMED ON
SUBAREA SHAPES
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subcritical flow does exist; then UP2, 3, or 4 could be
used in the mathematical model.

Tests were made using

UP2, 3, and 4 which revealed that the upstream boundary
assumption had little, if any, effect upon the outflow
hydrograph.

However, each boundary condition did pro-

duce a slightly different surface profile for the initial portion of the overland flow plane.

After a few

iterations of time, the profiles converged into one at
a distance equal to approximately five-tenths the overland flow plane length.

Thus, for the range of variables

investigated, the choice of the upstream boundary condition could always be assumed as UPl.
This study showed DN2 to be the best of those downstream boundary conditions used to describe a noncritical downstream boundary.

DN2 was tried and found to be

satisfactory for either sub or supercritical flow.

How-

ever, if the boundary conditions are such that a free
overfall exists and the flow regime upstream is subcritical, DN4 can and should be used.
The principal discovery in this report is the fact
that At is a function of known physical features of each
subarea.

Therefore, it is no longer necessary to find

by trial, or by predicting V and Y at equilibrium, a At
that will insure convergence and stability.

The proper

value of 6.t' can be obtained from equation 28 by selecting
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a suitable value of AX and determining the overland flow
plane slope.

A suitable value of AX will be obtained by

lett&ng AX have a value within the range of 0.025 L to
0.1 L.
The explicit mathematical model developed in this
study is capable of simulati!lg the overland flow hydroThis model has the following advantages:

. graph.
1.

An uncomplicated explicit numerical solution
technique which involves only a basic algebra
background.

2.

The ease with which the AX/At ratio may be evaluated,which will insure stability and convergen,ce.

3.

The simplicity of changing boundary conditions
and evaluating the relative error.

4.

A general equation formulation suitable for
simulating various subarea shapes.

The equations developed and conclusions stated are by
no means the ultimate goal.
the right direction.

However, they are a step in

There is much needed research to

be conducted into various aspects of overland flow before this or any other method can be said to be the end
product.

Before any technique can be used in actual

practice, a complete understanding of the rainfall runoff relationship must be understood and incorporated
into the model.

Such phenomena as variations of infil-

tration, depression storage and surface roughness from

on- ·sw,~a to another must be incorporated in the ~-·
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watershed simulation model.

Studies could and should be

made to determine:
l.

The effect of temporal and spatial variation
of rainfall on outflow.

2.

How the flow from one subarea combines with
the flow of another area.

3.

What constitutes the boundary for making a
subarea.

4.

How the flow from a given chain of subareas
actually enters the main channel.

4 9.
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APPENDIX !I.--N OTA TION
r:
The follo wing sym bols are used in this pape
2
=·cr oss sect iona l area (BY) ft
A
ft 2

As

= Surf ace area (BAX)

B

= Wid th of elem ent

D

= Hyd raul ic mean dept h

F

= Hyd rost atic pres sure forc e

Ff
Fg

= Fric tion al forc e resi stin g flow lb
= Gra vita tion al forc e in the dire ctio n of flow

FN

= Frou d num ber

g

= Acc eler atio n of grav ity

i

= Rai nfal l inte nsit y

K

= Con vers ion fact or = (1.0 /38, 400 .0)

L

= Leng th of suba rea

M

= Mass of flui d flow ing (pAAX)

N

= Man ning 's roug hnes s coe ffic ient

P
Q

= Wet ted peri met er ft
= Flow rate ft 3 /sec

R

= Hyd raul ic radi us A/P

Sf

= The fric tion slop e

s0

= Slop e of wate rshe d suba rea

t

= Time

V

= Ave rage velo city of flow

W

= Weig ht of elem ent =

4X

=:·Le~th

ft

lb

ft/s ec 2

in/h r
ft hr/ in sec

ft
lb sec 2 /ft

ft
ft/f t
ft/f t

sec

of

e~ement

lb

~AAX

ft/s ec
lb

(spa cial · incr eme nt)

ft
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y

= Depth of element

y

= Distance from surface to centroid of area

y

= Specific weight

p

= Density of fluid

ft

lb/ft 3
lb sec 2 /ft 4

ft
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